Int. J. Heat Mass Transfer. Vol. 28, No. 1, pp. 291-300, 1985

Printed in Great Britain

0017-9310/85$3.00 +0.00
© 1985 Pergamon Press Ltd.

Turbulent natural convection in a horizontal fluid
layer with volumetric energy sources: an
intermediate layer

NOOR AFZAL
Department of Mechanical Engineering, Aligarh Muslim University, Aligarh 202001, India

(Received August 1982 and in revised form 18 July 1983)

Abstract—The turbulent natural convection driven by volumetric energy sources in a horizontal fluid layer
bounded by a lower adiabatic plate and an upper isothermal plate, is studied at large values of the internal
Rayleigh number. The existence of an intermediate layer is identified, the length scale of which is Re ™ %7 (Reisa
Reynolds number based on the outer characteristic velocity and length scales) rather than Re ™ '/2 proposed by
Longand Chen. The maxima in Reynolds heat flux and in turbulent energy dissipation are associated with the
intermediate layer. The intermediate layer is matched with the inner and outer layers. It is shown that to the
lowest order, the two-layer classical theory should suffice and to the next order an intermediate layer is needed.

1. INTRODUCTION

THE TURBULENT natural convection driven by
volumetric heat sources is of interest in the convection
processesin the earth’s mantle [ 1-5] and nuclear power
reactor safety ; specifically, heat removal from a molten
pool of fuel and reactor material in the event of a core
melt-down accident [6].

The problem of natural convection in a volumetri-
cally heated fluid layer confined between two
horizontal plates has attracted the attention of several
workers. The flow visualization in the post-stability
regime, for Rayleigh numbers from transition to
turbulence, has been conducted in refs. [7-8]. In the
turbulent regime, the surface heat transfer measure-
ments have been reported in refs. [9-11].

The theoretical studies for turbulent natural
convection are based on a two-layer (inner and outer)
classical theory. In the inner layer, near the surface,
molecular conductive-viscous transport is important
and in the outer layer, away from the surface, eddy
transport dominates over molecular transport. The
laboratory measurements, on the whole, are not
favourable with similarity theory and it is generally
regarded that Rayleigh numbers in these experiments
are not as high as theory may require [12-14].

The convection due to volumetric heat sources has
been theoretically studied by Fiedler and Wille [15]
and Cheung [16, 17]. In a recent attempt Cheung [17]
analysed the classical two layers and matched them to
get the heat transfer law. In ref. [17] the inner layer
arguments are based on the equations of individual
fluctuating components. The arguments of mean
motion, however, should not be based on the dynamics
of individual fluctuations. It is well known that in wall
bounded turbulent (forced convection) shear flows, the
equations of individual fluctuations are not invoked in
obtaining the logarithmic law [13, 14]. Further, in the
outer layer [17] a mixing length closure is adopted, that

directly gives the stipulated power law, in effect,
assuming what should be a major deduction. The work
of Cheung [17] also disregards Millikan’s argument,
which is perfectly valid from the singular perturbation
viewpoint [18].

The earlier analysis of Cheung [16] based on the
mixing length closure hypothesis shows that the
maximum Reynolds heat flux lies in the inner layer, the
length scale of which is LRa; /*. By extending the
arguments of ref. [17] or otherwise it can be shown that
the maximum Reynolds heat flux lies in a domain, the
length scale of which is LRa;” /7, different from classical
inner and outer length scales. In terms of the order of
magnitude, the maximum is associated with alayer that
is intermediate between the classical inner and outer
layers.

The main aim of this work is to analyse the
intermediate layer for heat source driven thermal
convection in a horizontal fluid layer bounded by a
lower adiabatic plate and an upper isothermal plate.
The method of matched asymptotic expansions is used
and the internal Rayleigh number, Ra,, is regarded as
large. Based on the under-determined equations of the
mean temperature profile and the mean turbulent
energy dissipation, the existence of an intermediate
layeris demonstrated, that is associated with maximain
Reynolds heat flux and in turbulent energy dissipation.
The asymptotic expansions in the three (inner,
intermediate and outer) layers are matched in the two
overlap domains. It is found that under a certain
condition, the lowest order results are the same as given
by the two-layer classical theory ; the intermediate layer
forms the matching domain between the inner and
outer layers and there is no need to treat it separately.
Thus to the lowest order, the two-layer classical theory
should suffice. To the next order the intermediate layer
is needed and the flow field should comprise of three
distinct layers.

In arelated problem of Rayleigh-Bénard convection
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NOMENCLATURE
A slope of —1/3 temperature profile in the T mean temperature
classical theory T,,T,, T, reference temperatures in inner,
A; slope of —1/3 temperature profile in O; intermediate and outer layers
A, slope of —1/3 temperature profile in O, u instantaneous velocity vector
¢.C constants u;, U5 U,  scales for velocity fluctuations in inner,
C, specific heat intermediate and outer layers
e;,e5,e5 gauge functions in the expansions for u, friction velocity
inner, outer and intermediate layers instantaneous normal velocity
representing the higher order effects component
defined by equation (84) y normal distance from the upper hot
& ,F inner, intermediate and outer variables plate measured downwards
for mean temperature Y outer variable
g gravity acceleration Y, levelling off point of mean temperature
h,o¢,H inner, intermediate and outer variables profile
for Reynolds heat flux Y, location of maximum in tangential
k unit vector in vertical direction R.M.S. velocity
L normal distance between the two z normal coordinate measured upwards
horizontal plates from the lower insulated plate.
M mean kinetic energy of velocity
fluctuations
N mean transport of kinetic and potential  Greek symbols
energies of fluctuations in the normal o constant
direction B coefficient of thermal expansion
Nu Nusselt number b1, B, constants
0, overlap region between inner and d thickness of the intermediate layer,
intermediate layers LRe™ 37
o, overlap region between outer and € mean energy dissipation
intermediate layers Em maximum value of ¢
P instantaneous pressure £,856, mean dissipation in the inner,
P fluctuations in pressure intermediate and outer layers
q appropriate Reynolds heat flux, w¢g { intermediate variable
Om maximum value of Reynolds heat flux {m location of maxima in Reynolds heat
qw heat transfer at upper hot plate flux
Ra Rayleigh number {ime location of maxima in turbulent energy
Rg internal Rayleigh number, gf¢I3a?/v? dissipation
Re characteristic Reynolds number, u,L/v n inner variable
S strength of uniform heat source v molecular kinematic viscosity
distribution I mean density of the fluid
t,t»t,  scales of Reynolds heat flux in inner, o molecular Prandtl number
intermediate and outer layers ¢ non-dimensional heat source strength,
T instantaneous temperature 5/p,Cp
between two plates (where the lower plateishotand the is more rational and removes some of the

upper plate is cold) a mesolayer (or intermediate layer)
has been proposed by Longand Chen [ 19]. Based onan
assumed analogy with forced convection, the length
scale of the intermediate layer, for natural convection
flows is proposed [19] as Re™'/2 (where Re is a
Reynolds number based on the outer characteristic
velocity and length scales). As shown in Section 5, the
analogy between the forced and natural convection
flow is not as simple as postulated in ref. [19]. The
present work shows that the length scale of the
intermediate layer is Re™ ¥/7. Although the scatter in the
data, presented in Section 5, is too large to distinguish
—3/7from — 1/2, the fact remains that the present work

inconsistancies of the classical theory.

2. GOVERNING EQUATIONS

Let a volumetrically heated fluid be bounded
between two horizontal rigid plates, where the lower
plate is adiabatic and the upper plate is isothermal. The
volumetric heat generation is assumed to be spatially
uniform and statistically steady one-dimensional (1-D)
transport is maintained. The governing equations of
instantaneous motion, under the Boussinesq ap-
proximation are

V-u=0, (1)
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ou/dt+u-Vu = —p VP +wWau+kgfT, (2)
0T/ot+u-VT = vo ™ 'V2T +5/p,C,,. 3)

For statistically stationary and 1-D flow the
dependent variables may be decomposed into mean
and fluctuating parts

T=T+6, S=8§5+8, T=T(2),

f=a=8=0, (4
where Z is the vertical coordinate measured upwards
from the lower surface. The equation for the mean

temperature distribution obtained from equations (3)
and (4) is

v 42T dq

cazr " az =" G
where

g=wl, ¢=>5/p.C, (6)

The equations for the fluctuating component are

?%u+u-Vu = vW2u—p; 'Vp+kgpb, )

ar 8
0Z  p,C,’

D L u-vo =§V20+v-(ia)—w

ot @®

where p = P— P — p_w? is the fluctuating pressure and
w is the fluctuating velocity component in the vertical
direction. Equation(5)for the mean temperature profile
is integrated once to give

v dT

—g e oL(1—y/L), )
o dy

y=L-Z, (10)

where yis the normal coordinate measured downwards
from the upper surface and Lis the distance between the
plates. In writing down equation (9) the boundary
condition of the lower adiabatic plate has been used to
eliminate the constant of integration. The heat flux, Q,
at the upper surface

Q= 4L, (11

is assumed known. The temperature difference, AT,
between the top and bottom plates is merely a
consequence of the volumetric heating of the layer.

In the outer layer the molecular transport is
insignificant and the appropriate variables are L,QQ and
gB. The outer length scale is L. The outer scales for
velocity, u,, and temperature, f,, based on these
parameters may be written as

u, = (gPQL)'7, t, = Qfu, (12)

For the inner layer the molecular transport is
significant and the flow is expected to depend on v, Q, g8
and ¢. For ¢ of order unity, the inner scales of velocity,
u;, and temperature, ¢;, from dimensional arguments
may be written as

= (vgpO'4, ;= Qfu, (13)
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The inner length scale is v/u;. These scales are consistent
with ref. [ 17] when the molecular Prandtl number, g, is
of order unity.

3. THREE LAYER ANALYSIS

The under-determined equation (9) for the mean
temperature distribution is analysed by the method of
matched asymptotic expansions. The flow field is
divided in three (inner, intermediate and outer) layers
that are matched in the two overlap domains.

3.1. Inner region
Based on the scales defined in Section 2, the inner
variables can be taken as

n= yuw/v,
T =T,+tft), q=uthin), (14)
t; = ¢L/u, u, = (vgBdL)/>. (15a,b)
In terms of inner variables, equation (9) produces
a"ﬂ +h =1—Re 34%y,, (16)
dn

where Re is a Reynolds number based on the outer
characteristic velocity and the length scale, defined as

Re = u,Ljv. an

The inner expansions can be written as
f=h+efot,..., (18a)
h=h,+eh,+,..., (18b)

where e, is the gauge function. The lowest order
equation

d
_fl. +h, =1,
dn

shows that the total heat flux remains constant. The
next order equation is

-1

(19a)

a_lgd% +h, =0. (19b)
3.2. Outer layer
The outer variables are
Y =y/L,
T =T,+t,F(Y), q=utH(Y), (20)
to = @Lju, u, = (ghpL>)'">. (21a,b)

The equation for the mean temperature distribution,
equation (9), in terms of outer variables, may be written
as

F
H+@R) S _ iy,

a7 (22)

The outer expansions are
F=F;+eF;+,..., (23a)
H=H,+e;H,+,..., (23b)
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where e, is the gauge function. The equations
connecting the various order terms are

H,=1-Y, (24a)

Hjy+(e, Rea)_IdL =0,

= (24b)

3.3. Intermediate layer

Let the length scale of the intermediate layer be 4, the
velocity scale be w; and temperaturescale be t,. Without
loss of generality, one can assume that the product of
the scales for velocity and temperature is of the order of
the heat flux at the wall, i.e.

Usts = L. @25)

Let the temperature distribution in the intermediate
layer be

T =T+,F(0), (=y/s (26)
where T, is some reference temperature in the
intermediate layer. Substituting equation (26} in

equation {9} for the mean temperature profile one
obtains

q é v [L\?
— =14 — — —
oL L[C+u,L<5)0
The terms in square brackets representing molecular

conduction and heat generation are of equal order for

S§/L = (viuzL)!/2. (28)

47

,&_] =0. (27

Introducing the outer variable for Reynolds heat flux

v 1/2
q/¢L =1 +(—) A, (29
uzL
in equation (27) one obtains
dF

Tl = L 30
e + e (30)

The intermediate expansions may now be written as
F=F +esF,+,..., (31a)
H o= W tesH,+, ..., (31b)

where e, is the gauge function. The equations governing
the various order terms are

_dF
v 1-32—’ +#, = =, (32a)
dF
-1 92 - 9
3 +#,=0. (32b)

The intermediate expansions are singular at the wall as
the condition of zero Reynolds heat flux can not be
satisfied. So far u; is unspecified and will be determined
from the matching of the intermediate layer with the
inner and outer layers described in the next section.

34. Matching

In the three layers the scales of velocity and
temperature satisfy the relation
(33

w; = u‘,t‘; = Uply = Q.

NOOR AFzAL

In the presence of the intermediate layer, the
matchability postulate of the classical inner and outer
layers should be relaxed. Therefore, the matchability
requirements of the intermediate layer can be
considered with the inner and outer layers. The
matching of the temperature profile in the inner and
intermediate layers (say, overlap domain O,) requires

T+tfin - o)~ T+6F,((-0. (34

This is a functional equation [i8] whose solution can
be obtained by following Millikan’s argument. Differ-
entiating relation (34) with respect to Y, and using
equation (33), one obtains

o v \Y2 aF,

— ~ ——— 0).

51> ) ( ) 5 €0
Based on equations (11) and (33) the square root in
equation (35) is estimated as

T (35)

172 LoN3
(—”—) I e e T
Luy, us
and relation (35) becomes
1/3 24
lim ,74/3?{{ ~ M lim C4/3 éﬁ (37
o O us (-0 o
The matching of relation (37) requires
u; = (gBpLo)'", (3%

which provides an additional relation needed for
determination of § and u;. The matching relation (37)
now becomes

~lim{*? 7

lim
" ot a

@
This relationship is of the type N() ~ M({)each side of

which must approach a constant (say, 34;) independent
of # and {. Integration of each side leads to

fi~—An"'"*+B, n- o0,
EIN“Aic_Us"{"Ca {,‘""0,

af;
413 T (39

(40a)
{40b)

where B and C are constants of integration. Using
relation {40) the matching of the temperature profile
from relation (34) yields

T,+tB =T +t;C. @1

Similarly, the matching of the Reynolds heat flux in the
inner and intermediate layers leads to

By o~ 1=347 %3, n— o0, (42a)
Hy~ —{—34L73, (0. (42b)

Likewise the matching of the temperature profile and
the Reynolds heat flux in the overlap domain O, of the
intermediate and outer layers gives

F=—ALV3+E, [ w, 43a)
Fy= =AY 4D, Y =0, (43b)

T.+t,C = T, +1,D, (44)
Hy=—{—3AL %P, (- o, (45a)
H,=1-Y, Y0, {45b)
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3.6. Heat transfer law
The length and velocity scales in the intermediate
layer can be obtained from equations (28) and (38) as

8/L = Re 3", (46)

Eliminating 7, between equations (41) and (44) one
obtains
(T,~ T/t = B—(C—O)ty/t;— Dty/t;.

uy/u, = Re™ 177,

7

Based on equation (33), relation (47) can be written as
the heat transfer law

Nu = (6* Ra)"*/[B—(C—C)(Ray/o?)™ /28
—D(Ray/o?)~1/'2], (48)

where B, C and C are functions of ¢. Here Raqy is the
internal Rayleigh number, defined by

Ray = agBoP/v>. (49)
4. TURBULENT MEAN KINETIC ENERGY
EQUATION

The equation involving the mean turbulent kinetic
energy can be obtained by multiplyingequation(7) with
u and taking averages of the resultant equation as

dN dzMm
8-gﬂq+?y—+v—az—, (50)
e = (W0u/0x;)*>, g=<wb),  (5lab)

N = (w(p/p,+3u-u)d, M= Gu-uy. (Slcd)

Here ¢ is the mean energy dissipation, M is the mean
turbulent kinetic energy of fluctuations and N is the
energy associated with pressure and kinetic energy
diffusion in the normal direction. The angular brackets,
{ >, denotes the ensemble average. Eliminating g
between equations (9) and (50) one obtains

v dT am
Equation(52)is analysed in the three layers. The scale of
velocity fluctuations in any of the layers is taken as the
respective velocity scale of that layer. The scale of
pressure fluctuations is taken as the square of the
velocity fluctuations in that layer.

dN
+—. (52)
dy

4.1. Inner layer

Adopting the scales of velocity and pressure
fluctuations explained above, the inner variables may
be written as

e=elmut/y, M=uM{n), N=uNn). (53)

Introducingequations(14) and (53)in equation (52) one
obtains

d dM;
=14+ —(N,—o 1f+ —L)|—Re 3y (54
G +d’1<,af+dn) ey (59)

The inner expansions for the variables are
& = &ln)+ Agp()+,...,
M; = M;\(in+AiMpm+,...,

N; = Niy(m+ 4N +,..., (55)
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where A; is a gauge function. The equation connecting
the lowest order terms is

d am,
g =1+ a;(Nu—a‘lfﬁ- dr]l)'

(56)

4.2. Quter layer
The outer variables are non-dimensionalized with

respect to the outer length and velocity scales as
e=e(Y3/L, M=ulM(Y), N=uNJ(Y). (57

In terms of variables (20) and (57), equation (52) can be

written as
dN, dF d*M

=1-Y+—-Re Yo 1= ———2} (58

& Ty e (" av dY2> ©8)

The outer expansions are
gy = £o1(Y) + Aoa(Y) +, ...,
M, =My (Y)+iMx(Y)+,...,
N =N, (Y)+ AN (N)+,..., (59)
where 4, is the gauge function. The equations satisfied
by the lowest order terms are

dN,q

dy ’
showing that the effects of molecular viscosity are of
higher order.

e =1-Y+ (60)

4.3. Intermediate layer
In this layer non-dimensional variables are

e=&(0u3/0, M=uiM{l), N=uiNJ). (61)
Equation (52), using equations (26) and (61) produces
2
RE L g
The intermediate expansions are
&5 = e1(0)+ Re > (D) +,...,
M; = My (()+0()),

d
€5 = 1+TC-—Re‘3’7(C+a

Ns=Ny(Q+Re ¥ Ny(O) +,...,.  (63)
The equations connecting these terms are
dNy,
=1+ , 64
€51 da (64)
1d#, d°M,, dN,,
=—{—~— . (64
E52 { s dl d CZ a (64b)

4.4. Matching

The behaviour of ¢ is the main interest. Having
matched 7 in Section 3 the matching of M and N only
needs to be considered. The matching of the inner and
intermediate layer leads to

My ~ an'?,
My, ~al', [0,
Ny~ By Nip~ B,
Ngt ~ B, Nay~ Bl

n— o,

n -,
{0,
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where o, ; and B, are constants. Based on the above
relations the expressions for ¢ in the overlap region 0,
are

A 2o
Lo=1 —pI YT
i1 +ﬁ1 U (30_ 9 )1 n— 00, (65)
gy =148, (-0, (66a)
A4 2
£50 = _{_5*4[3[ i Cl\‘ (f{b\

\30_ —~9—}+§2, {-0.

Likewise, the matching of the intermediate and outer
layer leads to

M =da'", (-,

M, =aY'"3, Y0,
Ny =Bl Npp~Bol, (- oo,
Ny =BY, Ny~BY, Y0,

and the expressions for ¢ in overlap domain O, are
1 =1+ ~Y+ORe ™), Y0, (67
&51 = 1+BI’ C—’ws (683)
_ A 24
g52 = —({—={ 4/3(*3;0—?)"‘&2, {—o0. (68b)

5. RESULTS AND DISCUSSION

The results of the temperature profile may be
summarized as

inner layer:

7= T:v‘{_[i.fl(’?)'f.:“'s

7=, fi~—An ?+B; (69)
intermediate layer:
T=T+tF(D+,...,
{0, F,~ AL+, (70a)
(>, F,~—AL 4+ (70b)
outer layer:
T=T+t,F()+,...,
Y0, Fi~—A4Y 34D (71

In the three-layer analysis there are two overlap
domains, 0, and O,, where the slopes, 4; and A, of the
~1/3 power law for the temperature distribution could
possibly be different. From the available measurements
of the temperature profile it is not possible to ascertain
whether 4, isdifferent from A,. Therefore, one considers
the case

A=A, = A (72

Based onequation (72) the relations (69)and (71) are the
classical laws in the inner and outer layers. In the
intermediate layer, expressions (70a) and (70b) show
that the temperature distribution is also governed by
the —1/3 power laws, whose intercepts € and € in O,

Noor ArzaL

and 0, could possibly be different. Further, relation
(72) also implies the matchability of the inner and outer
sofutions (69} and {(71). In such a situation the
intermediate layer forms the matching region between

the inner and outer layers, thereby implying that
c=2_C. (73)

The resuits for the Reynolds heat flux distribution for

this case are

inner layer:

4/oL = hy(m+,...,

n-c0, by~ l—g%A?g"m; (74)
intermediate layer:
g/¢L = 1—Re 3" # (D) +,...,
#r~ 1=Re= 7 £+ %AC“‘”\; 5)
outer layer:
q/¢L = H\(Y)+,...,
H ~1-Y, Y0 (76)

To the lowest order, the inner and outer solutions,
relations (74) and (76), for Reynolds heat flux also
matches directly to yield the value of unity. Based on
relations (74) and (76) the existence of the intermediate
layer can as well be demonstrated if, following Afzal
[20], in the intermediate layer one postulates that the
excess of the Reynolds heat flux over the wall heat flux,
from inner and outer solutions, relations (74) and (76},
are of the same order. The departure of Reynolds heat
flux over the wall heat flux 4/(367*3) in the inner
solution, relation (74), is due to the molecular transport
whereas Y in the outer layer, relation (76), is due to
volumetric heat generation. The molecular conduction
and volumetric heat generation contributions are of
same order for

{ = Re ¥y = YR, (7

fixed as Re-— co. This is the definition of the
intermediate layer described in Section 3.

It may be seen that expression {75) for Reynolds stress
in the intermediate layer is associated with a maximum
whose magnitude, g,,, and location, {,,, are given by

7 (44\¥ 44\
an¢L =1 "‘RBMB/’] l:z (’g?) ]v Cm = (5:;) .
(78)

For the turbulent energy dissipation, ¢, the results in
the three layers based on equation (72) are

inner:
evful = g;,(n)+ O(Re™ %)

A 2

~ 148, '—n"““(S—G - —9-), n—o00; (719
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intermediate:

ed/u3 = &;,()+Re™ > e55(0) +,...,

~14f,—Re™ " [c+c-“3<% - 1—“)—/%2]; (80)

outer:

eL/ud = 6,(Y)+ORe™ 1), ~1+8,—Y, Y 0. (81)

It may be seen from relation (80) that the turbulent
energy dissipation in the intermediate layer is also
associated with a maximum whose magnitude, ¢,,,, and
location, (., are given by

7/44 8\¥
8m=9B¢L[1+ﬁ1‘R9_3/7{Z<§_§Tl> “ﬁz}],

(82a)
(o= 44 8\’
™ " \9¢ 27}

Based on equation (72), the heat transfer law, equation
(48), reduces to

(82b)

Nu = Ra}’*/[B(e)— Do~ /3 Ray 1/17],  (83)

where B(¢) = B(6)o~ Y% and ¢ is of order unity. The
heat transfer relation (83) is similar to relation (52) of
Cheung [17] where data [10, 11] are used to determine
B and D. It is worthwhile to note that in the present
relation (83) D is independent of ¢ whereas in relation
(52) of ref. [17] B, (equivalent to D) depends on ¢, when
ais of order unity. This dependence of B, on ¢ cannot be
justified on physical grounds as well. The present work
and ref. [17] show that D (or B,) is associated with the
outer layer solution. If D (or B,)is to depend on o, thenit
implies that the molecular transport processes in the
outer layer are important and the flow cannot be
regarded as a fully developed turbulence, rather it
should be transitional. A fully developed turbulence
demands that the outer layer should be independent of
molecular transport processes [13, 14].

From the above results it follows that for the lowest
order the classical two-layer theory should suffice and
to the next order intermediate layer is needed and a
three-layer picture should be considered. The higher
order effect to the present analysis can also be
estimated. In the inner layer, equation (16), the higher
order effects are of order Re™ 3'* whereas in the outer
layer, equation (22), they are of order Re™'. On the
other hand the intermediate layer suggests that the
higher order effect of order Re =37 should be considered
first. Therefore, in the asymptotic expansions for the
inner layer, equations (18a) and (18b), intermediate
layer, equations (31a) and (31b), and outer layer,

equations (23a) and (23b), one choose
e, =e, =e; = Re 7.

(84)

The matching of the higher order (terms in the
asymptotic expansions for three layers) is carried out
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and the result for the heat transfer law is
Nu = Ra}"*/[B(6)— Do~ Ra Y'? — E(6) Ra; 1"}
(85)

The heat transfer data [10, 11] may be fitted by relation
(85) to determine the coefficient E. However, the scatter
in the data (see Figs. 1 and 4 of ref. [ 17]) is such that it is
not possible to determine the value of E, unless better
data is available.

It may not be out of place to consider the general
implications of the present work on Rayleigh-Bénard
turbulent convection (between the two horizontal
plates heated differentially), as the two problems belong
to the same class of flows. Some of the results obtained
here are also valid for Rayleigh-Bénard convection
provided Q is replaced by the heat flux, q,, from the
plate under consideration. For this case expression (85)
for the Nusselt number may be written as

Nu = Ra'*/[B— Do~ V3(NuRa)~*/*?
+E(NuRa)~'"]*, (86)
where Ra is the Rayleigh number defined as
Ra = ogf(T, — T)2/v* = Ra,/Nu. 87

For E = Oexpression (86) reduces to that of Long [12].
The length scale, 4, of the intermediate layer is

/L = (vu,L)™'7,

= Re 3",

(88)
(89)

Long and Chen [18] by postulating an analogy with
forced convection flow in a pipe have proposed that the
intermediate length scale, §, for natural convection is

§/L = Re™ 172, (90)

Itisinstructive to compare these expressions with the
thickness of intermediate layer, A, in the pipe of radius a
[19, 21], given by

1/2
Ala =< v ) ,
au,

In the pipe flow the velocity scale in all the three layers
(inner, intermediate and outer) is the friction velocity, u,
[20, 21]. On the other hand in Rayleigh-Bénard
convection the inner and outer scales, ; and u,, are
different [12]. Therefore, the analogy between buoyant
and forced flows cannot be as simple as postulated by
Long and Chen [19]. The present result, equation (87),
shows that the thickness of the intermediate layer be
based on u,, the intermediate velocity scale, whereas
Longand Chen [19] have based it on the outer velocity
scale, u,.

In the classical two-layer theory of turbulent flows, it
is well known that either of the inner or outer layer
depends on the local variable associated with that layer
[13,14]. For example, in the shear flow turbulence, the
law of the wall depends on the wall (local) variables, v
and u, [13, 14]. Further, in Rayleigh-Bénard
convection, the inner variables, v, ¢ and g,, [12] and

(E2Y)
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Fi1G. 1. The location of maxima Y, in the tangential R.M.S.
velocity profile. @, Deardorff and Willis; x, Ferreira; ——,
—3/7 slope line; ——~, —1/2 slope line of Long and Chen.

outer variables, L and g, [12], are again the local
variables. Likewise, the intermediate layer should also
depend on its own local variables. The present —3/7
power law conforms to this principle, whereas the — 1/2
power law of Long and Chen [19] based on outer
velocity scale does not.

A comparison of expressions (89) and (90) with

experimental data is presented in Figs. 1 and 2. Figure 1
shows the location of the maxima of tangential R.M.S.
velocity in the thermal convection data of Deardorff
and Willis [22] and Ferreira [23]. The location Y, of the
levelling off point of the mean temperature profile in the
thermal convection data of Deardorff and Willis [22],
Sommerscales and Gazda [24] and Thomas and
Townsend [25], displayed in Figs. 7 and 8 of ref. [19],
areshown herein Figs. 2(a)and (b) along with ~3/7and
—1/2slope lines. Although, the scatter in the data is too
large to distinguish —3/7 from —1/2, the fact remains
that the present analysis is more rational and removes
some of the inconsistencies of the classical theory.

6. CONCLUSIONS

(1) For turbulent natural convection in a horizontal
fluid layer, there is an intermediate layer in between the
classical inner and outer layers. The length scale of the
intermediate layer is L Re™ 37 rather than L Re™ !/
proposed by Long and Chen [19].

(2) Intheintermediate layer, to the lowest order, the
Reynolds heat flux gradient is dominant and Reynolds
heat flux is equal to the heat flux at the surface. To the
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F1G. 2. The location of the ‘levelling off” point Y; of mean temperature profile in turbulent thermal convection

between horizontal plates. A, Deardorff and Willis; O, Sommerscales and Gazda; (1, Thomas and

Townsend. Open symbols, hot wall ; solid symbols, cold wall. ——, —3/7 slope line; ——, — 1/2 slope line of
Long and Chen. (a) For low Prandtl number. (b) For high Prandt] number.
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next order molecular conduction, volumetric heat
generation and perturbed Reynolds heat flux are of the
same order.

(3) The intermediate layer is matched with the inner
and outer layers leading to two overlap domains, 0;and
0., where slopes A4, and A4, of the —1/3 power law for
temperature could possibly be different. From the
available measurements it is not possible to ascertain
whether 4; is different from A,.

(4) Under the condition A; = A, the lowest order
results for temperature, Reynolds heat flux and heat
transfer law are the same as given by the two-layer
classical theory. Thus to the lowest order, the
intermediate layer forms the matching domain between
the inner and outer layers. There is no need to consider
the intermediate layer separately and the two-layer
classical theory should suffice.

(5) To the next order, the intermediate layer is a
distinguished limit and a three-layer picture is needed.
The three-layer theory leads to prediction of maximain
Reynolds heat flux and in turbulent energy dissipation.
To this order, the heat transfer law is independent of
whether a three- or two-layer picture is considered.

(6) Further, higher order terms in the asymptotic
expansions in the three (inner, intermediate and outer)
layers lead to a more general heat transfer law. The
scatter in the available datais such that it is not possible
to numerically determine this higher order effect and
there is a need for better data.
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CONVECTION NATURELLE TURBULENTE DANS UNE COUCHE FLUIDE
HORIZONTALE AVEC SOURCES D’ENERGIE VOLUMIQUES: UNE COUCHE
INTERMEDIAIRE

Résumé—La convection naturelle turbulente avec sources thermiques dans une couche fluide limitée par une
plaque inférieure adiabatique et une plaque supérieure isotherme est étudiée 4 de grandes valeurs du nombre
de Rayleigh interne. L’existence d’une couche intermédiaire est identifiée dont I'échelle de longueur est Re ™ 3/7
(Reest un nombre de Reynolds basé sur la vitesse caractéristique externe et les échelles de longueur) plut6t que
Re™'/? comme proposé par Long et Chen. Les maxima des flux thermiques de Reynolds et de dissipation
turbulente d’énergie sont associés a la couche intermédiaire, On montre qu’a Pordre inférieur, la théorie
classique 4 deux couches peut suffire et qu’a I'ordre suivant, il faut une couche intermédiaire.
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TURBULENTE FREIE KONVEKTION IN EINER HORIZONTALEN
FLUSSIGKEITSSCHICHT MIT VOLUMETRISCHEN ENERGIEQUELLEN: EINE
ZWISCHENSCHICHT

Zusammenfassung—Die turbulente, natiirliche Konvektion aufgrund von Wirmequellen in einer
horizontalen Fliissigkeitsschicht, die nach unten durch eine adiabate und nach oben durch eine isotherme
Platte begrenzt ist, wurde bei grossen inneren Rayleigh-Zahlen untersucht. Die Existenz einer
Zwischenschicht wurde festgestellt, deren LingenmaBstab eher von Re ~*/7 (Reist eine Reynolds-Zahl, die mit
den dusseren charakteristischen Geschwindigkeits- und LingenmaBstiiben gebildet ist) als von Re™ !/2 wie
von Long und Chen vorgeschlagen, abhingt. Die Maxima des Reynoldschen Wirmeflusses und der
turbulenten Energie-Dissipation hingen mit der Zwischenschicht zusammen. Die Zwischenschicht ist an die
innere und die dussere Schicht angepasst. Es wird angezeigt, dass fiir die niedrigste Ordnung die klassische
Zwischenschichttheorie geniigen sollte und fiir die nichste Ordnung eine Zwischenschicht benétigt wird.

TYPBYJIEHTHAS ECTECTBEHHAA KOHBEKIHs B TOPU3OHTAJIbLHOM CJIOE
XHUAKOCTH C BHYTPEHHHMHU HCTOYHHUKAMM SHEPTHUH.
MTPOMEXYTOUHBIA CJIOM

Annorauns—IIpy GONLIIMX 3HAYEHHAX 4HCIAa Pajes [nd XMOKOCTH NPOBEAEHO HCCIEJOBAHME
HHIYUHPYEMOH TENIOBBIM HCTOYHHKOM TYPOYIEHTHON €CTECTBEHHOH KOHBEKUHHM B TOPH3OHTAJILHOM
ClI0e XHIKOCTH, OrPAHMYEHHOM CHM3Yy anMabaTHuecko#l, a CBEPXY H3IOTEPMHMUECKOH IIACTHHAMM.
BhISBICHO CYIIECTBOBAHHE IPOMEXYTOMHOTO CJIOS, TOJIUMHA KOTOpOro pasHa Re™ 3 '(Re—uncio
PeiiHOMbACA, MOCTPOEHHOE C MOMOUIbIO BHELIHHX XaPAKTEPHBIX MACIITAGOB CKOPOCTH H [UIMHBI),
a He Re V2, xax yrepkaator Jlonr u YeH. MakCHMyMbl TENIOBOro MOTOKA3, 3ABHCAIUETO OT
uncna Pefinonbaca, U TYPOYNEHTHON AMCCHNALIMH JHEPIHH PACTONONEHBI B ITOM HPOMEXYTOUHOM
cnoe. TpoMexyTousblit Cloif CIUIMBAETCA ¢ BHYTPEHHMM M BHEWHHM cnosaMu. TlokasaHo, 4To Ans
pacyeTa ¢ TOYHOCTHIO OO YIEHOB HM3ILETrO MOPAAKA JOCTATOYHO KJACCHYECKOH ABYXCJIOHHOM
TEOpHHU, a LIS CEAYIOILEro Nopaaka TpebyeTcs YueT MPOMEXYTOUHOrO CJIOH.



