
Inl. 1. Jfzzaf Mlrrs Tran@ Vol. 28, No. I, PP. 291~300, 1985 0017-9310/85$3.00+0.00 
Printed in Great Britain 0 1985 Pergamon Press Ltd. 

Turbulent natural convection in a horizontal fluid 
layer with volumetric energy sources: an 

intermediate layer 
NOOR AFZAL 

Department of Mechanical Engineering, Aligarh Muslim University, Aligarh 202001, India 

(Received August 1982 and in reoisedform 18 July 1983) 

Abstract-The turbulent natural convection driven by volumetric energy sources in a horizontal fluid layer 
bounded by a lower adiabatic plate and an upper isothermal plate, is studied at large values of the internal 
Rayleigh number.Theexistenceofanintermediatelayerisidentified, the length scaleofwhichis Re-“‘(Reis a 
Reynolds number based on the outer characteristic velocity and length scales) rather than Re- w proposed by 
Long and Chen. The maxima in Reynolds heat flux and in turbulent energy dissipation are associated with the 
intermediate layer. The intermediate layer is matched with the inner and outer layers. It is shown that to the 
lowest order, the two-layer classical theory should suffice and to the next order an intermediate layer is needed. 

1. INTRODUCTION 

THE TURBULENT natural convection driven by 

volumetric heat sources is of interest in the convection 

processes in the earth’s mantle [l-5] and nuclear power 

reactor safety; specifically, heat removal from a molten 

pool of fuel and reactor material in the event of a core 

melt-down accident [6]. 
The problem of natural convection in a volumetri- 

cally heated fluid layer confined between two 
horizontal plates has attracted the attention of several 
workers. The flow visualization in the post-stability 
regime, for Rayleigh numbers from transition to 
turbulence, has been conducted in refs. [7-8). In the 
turbulent regime, the surface heat transfer measure- 
ments have been reported in refs. [9-111. 

The theoretical studies for turbulent natural 
convection are based on a two-layer (inner and outer) 
classical theory. In the inner layer, near the surface, 
molecular conductive-viscous transport is important 
and in the outer layer, away from the surface, eddy 
transport dominates over molecular transport. The 
laboratory measurements, on the whole, are not 
favourable with similarity theory and it is generally 
regarded that Rayleigh numbers in these experiments 
are not as high as theory may require [12-141. 

The convection due to volumetric heat sources has 
been theoretically studied by Fiedler and Wille [lS] 
and Cheung [ 16,173. In a recent attempt Cheung [ 171 
analysed the classical two layers and matched them to 
get the heat transfer law. In ref. [17] the inner layer 
arguments are based on the equations of individual 
fluctuating components. The arguments of mean 
motion, however, should not be based on the dynamics 
of individual fluctuations. It is well known that in wall 
bounded turbulent (forced convection) shear flows, the 
equations of individual fluctuations are not invoked in 
obtaining the logarithmic law [13,14]. Further, in the 
outer layer [ 171 a mixing length closure is adopted, that 

directly gives the stipulated power law, in effect, 
assuming what should be a major deduction. The work 
of Cheung [17] also disregards Millikan’s argument, 
which is perfectly valid from the singular perturbation 
viewpoint [18]. 

The earlier analysis of Cheung [16] based on the 
mixing length closure hypothesis shows that the 
maximum Reynolds heat flux lies in the inner layer, the 
length scale of which is LRa;1’4. By extending the 
arguments of ref. [ 171 or otherwise it can be shown that 
the maximum Reynolds heat flux lies in a domain, the 
length scale of which is LRa; 1/7, different from classical 
inner and outer length scales. In terms of the order of 
magnitude, the maximum is associated with a layer that 
is intermediate between the classical inner and outer 
layers. 

The main aim of this work is to analyse the 
intermediate layer for heat source driven thermal 
convection in a horizontal fluid layer bounded by a 
lower adiabatic plate and an upper isothermal plate. 
The method of matched asymptotic expansions is used 
and the internal Rayleigh number, Ra,, is regarded as 
large. Based on the under-determined equations of the 
mean temperature profile and the mean turbulent 
energy dissipation, the existence of an intermediate 
layer is demonstrated, that is associated with maxima in 
Reynolds heat flux and in turbulent energy dissipation. 
The asymptotic expansions in the three (inner, 
intermediate and outer) layers are matched in the two 
overlap domains. It is found that under a certain 
condition, the lowest order results are the same as given 
by the two-layer classical theory ; the intermediate layer 
forms the matching domain between the inner and 
outer layers and there is no need to treat it separately. 
Thus to the lowest order, the two-layer classical theory 
should suffice. To the next order the intermediate layer 
is needed and the flow field should comprise of three 
distinct layers. 

In a related problem of Rayleigh-Binard convection 
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NOMENCLATURE 

A slope of - l/3 temperature profile in the ?r mean temperature 
classical theory T,, T,, T, reference temperatures in inner, 

4 i slope of - l/3 temperature profile in Oi intermediate and outer layers 
A0 slope of - l/3 temperature profile in 0, u 
c, e 

instantaneous velocity vector 
constants 

49 u& 43 scales for velocity fluctuations in inner, 
C, specific heat intermediate and outer layers 
el, e2, e3 gauge functions in the expansions for n, friction velocity 

inner, outer and intermediate layers W 

representing the higher order effects 
instantaneous normal velocity 
component 

defined by equation (84) Y 
inner, intermediate and outer variables 

normal distance from the upper hot 
f;F,F plate measured downwards 

for mean temperature Y outer variable 
9 gravity acceleration K levelling off point of mean temperature 
h, Z’, H inner, intermediate and outer variables profile 

for Reynolds heat flux Kl location of maximum in tangential 
k unit vector in vertical direction R.M.S. velocity 
L normal distance between the two Z normal coordinate measured upwards 

horizontal plates from the lower insulated plate. 
M mean kinetic energy of velocity 

fluctuations 
N mean transport of kinetic and potential Greek symbols 

energies of fluctuations in the normal 
direction ; 

constant 
coefficient of thermal expansion 

Nu Nusselt number A?/92 constants 

Oi overlap region between inner and 6 thickness of the intermediate layer, 
intermediate layers LRe-3/7 

00 overlap region between outer and & mean energy dissipation 
intermediate layers s, maximum value of E 

P instantaneous pressure % &dr go mean dissipation in the inner, 

P fluctuations in pressure intermediate and outer layers 

4 appropriate Reynolds heat flux, w3 intermediate variable 

4m maximum value of Reynolds heat flux :, location of maxima in Reynolds heat 

4W heat transfer at upper hot plate flux 
Ra Rayleigh number i me location of maxima in turbulent energy 

Rar internal Rayleigh number, g~~~~*/v3 dissipation 
Re characteristic Reynolds number, u,L/v tt inner variable 
S strength of uniform heat source V molecular kinematic viscosity 

distribution P mean density of the fluid 

ti, tap t0 scales of Reynolds heat flux in inner, 0 molecular Prandtl number 
intermediate and outer layers 4 non-dimensional heat source strength, 

T instantaneous temperature VP& 

between two plates (where the lower plate is hot and the 
upper plate is cold) a mesolayer (or intermediate layer) 
has been proposed by Long and Chen [ 191. Based on an 
assumed analogy with forced convection, the length 
scale of the intermediate layer, for natural convection 
flows is proposed [19] as Rem”’ (where Re is a 
Reynolds number based on the outer characteristic 
velocity and length scales). As shown in Section 5, the 
analogy between the forced and natural convection 
flow is not as simple as postulated in ref. [19]. The 
present work shows that the length scale of the 
intermediate layer is Re -3/7. Although the scatter in the 
data, presented in Section 5, is too large to distinguish 
- 3/7 from - l/2, the fact remains that the present work 

is more rational and removes some of the 
inconsistancies of the classical theory. 

2. GOVERNING EQUATIONS 

Let a volumetrically heated fluid be bounded 
between two horizontal rigid plates, where the lower 
plate is adiabatic and the upper plate is isothermal. The 
volumetric heat generation is assumed to be spatially 
uniform and statistically steady one-dimensional (1-D) 
transport is maintained. The governing equations of 
instantaneous motion, under the Boussinesq ap- 
proximation are 

v.u=o, (1) 
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aufat+u.vu= -p;W+vv2u+&7gsr (2) 
aT/at+U-VT = V0-‘v2T+sIp,c, (3) 

For statistically stationary and 1-D flow the 
dependent variables may be decomposed into mean 
and fluctuating parts 

T=T+B, S=s+s’, r=T(Z), 

B = ii = $7 = 0, (4) 

where Z is the vertical coordinate measured upwards 
from the lower surface. The equation for the mean 
temperature distribution obtained from equations (3) 
and (4) is 

v d’?’ dq 
;dZ2-=+4=0, 

where 

q = GZJ, f$ = S/p& (6) 

The equations for the fluctuating component are 

-$l+u.vu = vv2u-p;1vp+&g/?e, (7) 

ae 
at 
+u.Ve=%l+V~(~-wdii‘+ s cr az Pot,' (8) 

where p = P-P - p0W2 is the fluctuating pressure and 
w is the fluctuating velocity component in the vertical 
direction. Equation(S) for the mean temperature profile 
is integrated once to give 

- 

~~+4=9yI-Y/~), 
y = L-Z, (10) 

where y is the normal coordinate measured downwards 
from the upper surface and Lis the distance between the 
plates. In writjng down equation (9) the boundary 
condition of the lower adiabatic plate has been used to 
eliminate the constant of integration. The heat flux, Cl, 
at the upper surface 

Q=fpL, (11) 

is assumed known. The temperature difference, AT, 
between the top and bottom plates is merely a 
consequence of the volumetric heating of the layer. 

In the outer layer the molecular transport is 
insignificant and the appropriate variables are L, Cl and 
gj?. The outer length scale is L. The outer scales for 
velocity, u,, and temperature, t,, baaed on these 
parameters may be written as 

u, = (gj?nL)“3, t, = n/u, (12) 

For the inner layer the molecular transport is 
significant and the flow is expected to depend on v, R, gj3 
and u. For B of order unity, the inner scales of velocity, 
ui, and temperature, ti, from dimensional arguments 
may be written as 

ui = (vgBQ”4, ti = Q/Ui. (13) 

The inner length scale is v/t+. These scales are consistent 
with ref. [ 171 when the molecular Prandtl number, 6, is 
of order unity. 

3. THREE LAYER ANALYSIS 

The under-determined equation (9) for the mean 
temperature distribution is analysed by the method of 
matched asymptotic expansions. The flow field is 
divided in three (inner, intermediate and outer) layers 
that are matched in the two overlap domains. 

3.1. Inner region 
Based on the scales defined in Section 2, the inner 

variables can be taken as 

rl = YUi/V, 

i+ = Tw + Gf(tlh 4 = uitih(V), (14) 

ti = $L/ui, t4i = (vg/?f#)L)“3. (1544 

In terms of inner variables, equation (9) produces 

+g +h = 1 -Re-3/4q, (16) 

where Re is a Reynolds number based on the outer 
characteristic velocity and the length scale, defined as 

Re = u,L/v. (17) 

The inner expansions can be written as 

f =fi+eJ2+,..., @a) 

h = h,+e,h2+,..., (lgb) 

where e, is the gauge function. The lowest order 
equation 

(194 

shows that the total heat flux remains constant. The 
next order equation is 

dgfh, =o. 

3.2. Outer layer 
The outer variables are 

Y = YIL, 

T = T, + t,q Y), q = u,t,H( Y), (20) 

t, = l$L/u,, u, = (g/!3c#d?)“3. (2W) 

The equation for the mean temperature distribution, 
equation (9), in terms of outer variables, may be written 
as 

H+(bRe)-lg = 1-Y. (22) 

The outer expansions are 

F = F,+e,F,+,..., (234 

H = H,+e2H2+,..., (2W 



294 NOOR AFZAL 

where e, is the gauge function. The equations 
connecting the various order terms are 

H, = I-Y, (24a) 

dF, H, +(ez Rear)-‘F = 0. (24b) 

3.3. intermediate layer 

In the presence of the intermediate layer, the 
matchability postulate of the classical inner and outer 
layers should be relaxed. Therefore, the matchability 
requirements of the intermediate layer can be 
considered with the inner and outer layers. The 
matching of the temperature profile in the inner and 
intermediate layers (say, overlap domain Oi) requires 

Let the length scale of the intermediate layer be 6, the T,+rJr(~ -+ 00) N ‘K+taFi(5-tO)* (34) 
velocity scale be u6 and temperature scale be t,. Without 
loss of generality, one can assume that the product of 

This is a functional equation [18] whose solution can 

the scales for velocity and temperature is of the order of 
be obtained by following Millikan’s argument. Differ- 

the heat flux at the wall, i.e. 
entiating relation (34) with respect to Y, and using 
equation (33), one obtains 

U,$ij = c&Y‘. (25) 

Let the temperature distribution in the intermediate 
layer be 

T = T, + taF(T), i = Y/f& (26) 

where T, is some reference temperature in the 
intermediate layer. Substituting equation (26) in 
equation (9) for the mean tem~rature profile one 
obtains 

Based on equations (11) and (33) the square root in 
equation (35) is estimated as 

I (36) 
ud 

and relation (35) becomes 

af lim v~/~.---J. N 

9-m art 
wG4”3 l im [4,3 $5 

ud 5'0 al . 
(37) &-I+;[[+&(;~~-‘d$]=O. (27) 

The terms in square brackets representing molecular 
conduction and heat generation are of equal order for 

d/L = (v/U&)“*. (28) 

Introducing the outer variable for Reynolds heat flux 

g/&L = 1+ 2 ( > 1’2&+((), (29) 
d 

in equation (27) one obtains 

The intermediate expansions may now be written as 

F = 9i+e,Fl,+,..., (3la) 

2 = H1+e$F2+,..., (3lb) 

where e3 is the gauge function. The equations governing 
the various order terms are 

WW 

The intermediate expansions aresingular at the wall as 
the condition of zero Reynolds heat flux can not be 
satisfied. So far II~ is unspecified and will be determined 
from the matching of the intermediate layer with the 
inner and outer layers described in the next section. 

3.4. Matching 
In the three layers the scales of velocity and 

tem~rature satisfy the relation 

Ujli = u,t, = UJ, = sz. (33) 

The matching of relation (37) requires 

ad = (g~#~)~‘3, (38) 

which provides an additional relation needed for 
determination of 6 and u& The matching relation (37) 
now becomes 

(39) 

This relationship is of the type N(q) N M(c) each side of 
which must approach a constant (say, 3A,)independent 
of q and [. Integration of each side leads to 

fi - -Aiq- l/3+8, q -+ w, (dOa) 

9, N -AAi[-1t3+C, c-+0, (~W 

where B and C are constants of integration. Using 
relation (40) the matching of the temperature profile 
from relation (34) yields 

Tw$tiB = T,+t,C. (41) 

Similarly, the matching of the Reynolds heat flux in the 
inner and intermediate layers leads to 

hi + 1 -$Aiq-4’3, rj --+ co, (4W 

fl, N -c-+Ai[-4’3, c -+O. (42W 

Likewise the matching of the temperature profile and 
the Reynolds heat flux in the overlap domain 0, of the 
intermediate and outer layers gives 

F 1 = -A,<-“3+C, [-+ co, (W 

F 1 = -A Y-1’3+D, Y-+0, 0 (43b) 

r,+t,e = T,+t,D, (W 

3EL’l = -<-$A,p3, ~-+co, VW 
H, = l-Y, Y -+o, (45b) 
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3.6. Hent transfer law 
The length and velocity scales in the intermediate 

layer can be obtained from equations (28) and (38) as 

6/L = Rem3”, U&A, = Re-‘17. (46) 

Eliminating T, between equations (41) and (44) one 
obtains 

(T, - T,)& = B - (C- && - LIt‘JJti. (47) 

Based on equation (33) relation (47) can be written as 
the heat transfer law 

Nu = (a2 Ra,)1’4/[B-(C-e)(RaJa2)-“28 

-D(RaJo*)-“‘*I, (48) 

where B, C and e are functions of e. Here Ra, is the 
internal Rayleigh number, defined by 

Ra, = a2gBdL5/v3. (49) 

4. TURBULENT MEAN KINETIC ENERGY 

EQUATION 

The equation involving the mean turbulent kinetic 
energy can beobtained bymultiplyingequation(7)with 
u and taking averages of the resultant equation as 

dN d*M 
c=g/?q+-+v- 

dy dy* ’ 

E = (v(au&,)*>, q = (we), W,b) 

N = (w(p/p,+$.u)), M = (+u*u). (Slc,d) 

Here E is the mean energy dissipation, M is the mean 
turbulent kinetic energy of fluctuations and N is the 
energy associated with pressure and kinetic energy 
diffusion in the normal direction. The angular brackets, 
( ), denotes the ensemble average. Eliminating q 
between equations (9) and (50) one obtains 

E=gfi 9(L--Y)-;d$ 
[ -1 +.$+$ (52) 

Equation(52)is analysed in the three layers. Thescaleof 
velocity fluctuations in any of the layers is taken as the 
respective velocity scale of that layer. The scale of 
pressure fluctuations is taken as the square of the 
velocity fluctuations in that layer. 

4.1. Inner layer 
Adopting the scales of velocity and pressure 

fluctuations explained above, the inner variables may 
be written as 

E = &)u:/v, M = u;M,(t~), N = u”Ni(q). (53) 

Introducingequations(14)and(53)inequation(52)one 
obtains 

d 
ci = l+ - 

dM. 

dtl 
Ni-a-If+ 2 

drl > 
-Re-3/4+ (54) 

The inner expansions for the variables are 

Ei = %I(?) + &ei2(‘/) + 1. . .T 

Mi = Mil(tl)+aiMiz(~)+,..., 

Ni = Ni,(~)+niNi,(rl)+,..., (55) 

where Li is a gauge function. The equation connecting 
the lowest order terms is 

Eil = 1+d dMi, 
dtt 

Ni,-o-lf~+- 
dv 

. (56) 

4.2. Outer layer 
The outer variables are non-dimensionalized with 

respect to the outer length and velocity scales as 

E = E,(Y)U:/L, M = u,lM,(Y), N = u,jN,(Y). (57) 

In terms of variables (20) and (57), equation (52) can be 
written as 

E,= l__Y+dN,_Re-’ 
dY 

(58) 

The outer expansions are 

so = ~,1(Y)+~o%*V)+,..., 

M, = W,,W)+b’%,(Y)+,..., 

N = N,,(Y)+W,,V)+,..., (59) 

where 1, is the gauge function. The equations satisfied 
by the lowest order terms are 

& 01 
= *-Y+!!$, 

showing that the effects of molecular viscosity are of 
higher order. 

4.3. Intermediate layer 
In this layer non-dimensional variables are 

E = a&k&S, M = u;M&), N = uajN,(Q. (61) 

Equation (52), using equations (26) and (61) produces 

dNa 
Ea=l+dr--Re > 

. 
(62) 

The intermediate expansions are 

E,, = sat(c)+ Rem3” Q*(C)+, . . , 

M,, = Mdi)+O(l), 

Nd = Ndl([)+Re-3/7Nd2(c)+,...,. (63) 

The equations connecting these terms are 

(64) 

1 d9, d*M,, dN,, 
%2= -&a~+ dr2 +F. WW 

4.4. Matching 
The behaviour of E is the main interest. Having 

matched F in Section 3 the matching of M and N only 
needs to be considered. The matching of the inner and 
intermediate layer leads to 

M,, N cr~$‘~, rj + co, 

M,, ff ac’13, [ + 0, 

NII - BIV, Ni2 - BZV~ tl+ *, 

N,, - 811, N,2 Iv B2L r-0, 



c‘iF2X.L 296 NOOR 

where a, /Ii and & are constants. Based on the above 
relations the expressions for E in the overlap region Oi 
are 

Eil =1+/&-q-- 2-f ( > , vl-+co, (65) 

(664 

J -0. (66b) 

Likewise, the matching of the intermediate and outer 
layer leads to 

M,, = ciT[1i3, [ + co, 

RI,, = i?Y1’3, Y -0, 

N,I = &l, N,, _ /%C, l-a cg, 

N,, =i7,Y, N,a=PzY, Y-+0, 

and the expressions for E in overlap domain 0, are 

E 01 = l+fl,--Y+O(Re-‘), Y-+0, (67) 

eai = l-t?*, i-+03, (6ga) 

5. RESULTS AND DISCUSSION 

The results of the temperature profile may be 
summarized as 

inner layer: 

ii;= T,+rjf~(tf)+,‘*., 

v--+*3 “f-1 N -_A,fj-“3$-B; (69) 

intermediate layer: 

i-E 

i + 0, 

i-ta 
outer layer : 

T_, 

Y + 0, 

In the three-layer 

T,+b~l(o+,.... 

9, ff -Aii-“3$C, (704 
.F 1 - -A,{-‘J3fi5; (7W 

T,+k7F,(Y)+,..., 

F1 N --A,Y_‘@+a (71) 

analysis there are two overlap 
domains, Oi and O,, where the slopes, Ai and A,, of the 
- l/3 power law for the temperature distribution could 
possibly be different. From the available measurements 
of the temperature profile it is not possible to ascertain 
whether Ai is different from A,,. Therefore, one considers 
the case 

Ai = A, = A. (72) 

Basedonequation(72) therelations(69)and(7l)are the 
classical laws in the inner and outer layers. In the 
intermediate layer, expressions (70a) and (7Ob) show 
that the temperature distribution is also governed by 
the - l/3 power laws, whose intercepts C and c in Oi 

and O,, could possibly be different. Further, relation 
(72) also implies the matchability of the inner and outer 
solutions (69) and (71). In such a situation the 
intermediate layer forms the matching region between 
the inner and outer layers, thereby implying that 

c = c. (73) 

The results for the Reynolds heat Aux distribution for 
this case are 

inner layer : 

df#L = h,kG+,..., 

q-,a, h, - I_ &f4’L; 

intermediate layer : 

q/4L= 1-Re-3’7POl([)+,..., 

(74) 

outer layer : 

q/w = ff,m+,..., 

H, - l-Y, Y-0. (76) 

To the lowest order, the inner and outer solutions, 
relations (74) and (76), for Reynolds heat flux also 
matches directly to yield the value of unity. Based on 
relations (74) and (76) the existence of the intermediate 
layer can as well be demonstrated if, following Afzal 
[ZO], in the intermediate layer one postulates that the 
excess of the Reynolds heat flux over the wall heat flux, 
from inner and outer solutions, relations (74) and (76), 
are of the same order. The departure of Reynolds heat 
flux over the wall heat flux A/(3e~‘/~) in the inner 
solution, relation (74), is due to the molecular transport 
whereas Y in the outer layer, relation (76), is due to 
volumetric heat generation. The molecular conduction 
and volumetric heat generation contributions are of 
same order for 

5 zz Re-4J7n = Y&3”, (77) 

fixed as Re --f CD. This is the definition of the 
intermediate layer described in Section 3. 

It may be seen that expression (75) for Reynolds stress 
in the intermediate layer is associated with a maximum 
whose magnitude, qm, and location, &,,, are given by 

q J4L = 1 - Re- 317 [; (!!>“‘], {, E (g))/‘. 

(78) 

For the turbulent energy dissipation, E, the results in 
the three layers based on equation (72) are 

inner : 

&v/uf = ~~,(tf)+O(Re-~‘~) 

N l+jj,_q-4’3 &_f 

( > 
, q-+m; (79) 
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intermediate : 

d/uj = cal([) + Rem3/‘c,,([) +, . . . , 

- l+p,-Re -3~f1+1-4/3($ - ;)+*I; (80) 

outer: 

&L/U: = col( Y)+ O(Re- ‘), -1+/$-Y, Y-+0. (81) 

It may be seen from relation (80) that the turbulent 
energy dissipation in the intermediate layer is also 
associated with a maximum whose magnitude, E,,,, and 
location, &,,,, are given by 

E, = yR~L[l+/3,-Re~3~7{~~-~~‘7-~2}], 

cm, = !g - !$ ( > 3’7. 

Based on equation (72), the heat transfer law, equation 
(48), reduces to 

Nu = Ru;‘~/[&)-D~- 1’3 Ra; “=I, (83) 

where J?(e) = s(cr)a- ‘/’ and c is of order unity. The 
heat transfer relation (83) is similar to relation (52) of 
Cheung [ 173 where data [lo, 1 l] are used to determine 
B and D. It is worthwhile to note that in the present 
relation (83) D is independent of cr whereas in relation 
(52) of ref. [ 171 B, (equivalent to D) depends on Q, when 
a is of order unity. This dependence of B, on a cannot be 
justified on physical grounds as well. The present work 
and ref. [17] show that D (or B,) is associated with the 
outer layer solution. IfD (or B,) is to depend on 0, then it 
implies that the molecular transport processes in the 
outer layer are important and the flow cannot be 
regarded as a fully developed turbulence, rather it 
should be transitional. A fully developed turbulence 
demands that the outer layer should be independent of 
molecular transport processes [13, 143. 

From the above results it follows that for the lowest 
order the classical two-layer theory should suffice and 
to the next order intermediate layer is needed and a 
three-layer picture should be considered. The higher 
order effect to the present analysis can also be 
estimated. In the inner layer, equation (16), the higher 
order effects are of order Rem314 whereas in the outer 
layer, equation (22), they are of order Re-‘. On the 
other hand the intermediate layer suggests that the 
higher order effect oforder Ree3/’ should be considered 
first. Therefore, in the asymptotic expansions for the 
inner layer, equations (18a) and (18b), intermediate 
layer, equations (31a) and (31b), and outer layer, 
equations (23a) and (23b), one choose 

e, = e, = e3 = Rem3/‘. (84) 

The matching of the higher order (terms in the 
asymptotic expansions for three layers) is carried out 

and the result for the heat transfer law is 

Nu = Ru;‘~/[&J)-D~- l/3 Ra; “12 -E(o) Rn; “‘1. 

(85) 

The heat transfer data [ 10,l l] may be fitted by relation 
(85) to determine the coefficient E. However, the scatter 
in the data(see Figs. 1 and 4 of ref. [ 171) is such that it is 
not possible to determine the value of E, unless better 
data is available. 

It may not be out of place to consider the general 
implications of the present work on Rayleigh-Bbnard 
turbulent convection (between the two horizontal 
plates heateddifferentially),as the two problems belong 
to the same class of flows. Some of the results obtained 
here are also valid for Rayleigh-Btnard convection 
provided n is replaced by the heat flux, q,, from the 
plate under consideration. For this case expression (85) 
for the Nusselt number may be written as 

Nu = Rc~“~/[fi-Da- “3(N~ Ra)- “= 

+E(Nu Ra)- 1’7]4’3, (86) 

where Ra is the Rayleigh number defined as 

Ra = u&T,- TJL?/v2 = Ra JNu. (87) 

For E = 0 expression (86) reduces to that of Long [ 123. 
The length scale, 6, of the intermediate layer is 

6/L = (V/&L)_ “2, (88) 

= Rem3/‘. (89) 

Long and Chen [18] by postulating an analogy with 
forced convection flow in a pipe have proposed that the 
intermediate length scale, 6, for natural convection is 

6/L = Re- ‘I’. (90) 

It is instructive to compare these expressions with the 
thickness ofintermediate layer, A, in the pipe of radius a 
[19,21], given by 

/ . \ l/Z 

(91) 

In the pipe flow the velocity scale in all the three layers 
(inner, intermediate and outer) is the friction velocity, u, 
[20, 211. On the other hand in Rayleigh-Btnard 
convection the inner and outer scales, ui and u,, are 
different [ 121. Therefore, the analogy between buoyant 
and forced flows cannot be as simple as postulated by 
Long and Chen [19]. The present result, equation (87), 
shows that the thickness of the intermediate layer be 
based on ud, the intermediate velocity scale, whereas 
Long and Chen [ 191 have based it on the outer velocity 
scale, u,. 

In the classical two-layer theory of turbulent flows, it 
is well known that either of the inner or outer layer 
depends on the local variable associated with that layer 
[13,14]. For example, in the shear flow turbulence, the 
law of the wall depends on the wall (local) variables, v 
and u, [13, 141. Further, in Rayleigh-Benard 
convection, the inner variables, v, cr and qw [12] and 
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FIG. 1. The location of maxima Y, in the tangential R.M.S. 
velocity profile. 0, Deardorff and Willis ; x , Ferreira ; -, 

- 3/7 slope line; ---, - l/2 slope line of Long and Chen. 

outer variables, I_. and q, [12], are again the local 
variables. Likewise, the intermediate layer should also 
depend on its own local variables. The present - 3/7 
power law conforms to this principle, whereas the - l/2 
power law of Long and Chen [19] based on outer 
velocity scale does not. 

A comparison of expressions (89) and (90) with 

experimental data is presented in Figs. 1 and 2. Figure 1 
shows the location of the maxima of tangential R.M.S. 
velocity in the thermal convection data of Deardorff 
and Willis 1221 and Ferreira [23]. The location Yr of the 
levellingoff point ofthemean temperature profile in the 
thermal convection data of Deardorff and Willis [22], 
Sommerscales and Gazda [24] and Thomas and 
Townsend [25], displayed in Figs. 7 and 8 of ref. [19], 
areshown herein Figs. 2(a)and(b)alongwith - 3/7and 
- l/2 slope lines. Although, the scatter in the data is too 
large to distinguish - 3/7 from - l/2, the fact remains 
that the present analysis is more rational and removes 
some of the inconsistencies of the classical theory. 

6. CONCLUSIONS 

(1) For turbulent natural convection in a horizontal 
fluid layer, there is an intermediate layer in between the 
classical inner and outer layers. The length scale of the 
intermediate layer is L Rem3/' rather than L Re- '/' 
proposed by Long and Chen [ 191. 

(2) In the intermediate layer, to the lowest order, the 
Reynolds heat flux gradient is dominant and Reynolds 
heat flux is equal to the heat flux at the surface. To the 

1 

I 1 I III I I III I 

10 10* lo3 

(b) Re 

FIG. 2. The location of the ‘levelling ON point ‘I; of mean temperature profile in turbulent thermal convection 
between horizontal plates. A, DeardorIT and Willis; 0, Sommerscales and Gazda; 0, Thomas and 
Townsend. Open symbols, hot wall ; solid symbols, cold wall. -, - 3/7 slope line; ---, - l/2 slope line of 

Long and Chen. (a) For low Prandtl number. (b) For high Prandtl number. 
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next order molecular conduction, volumetric heat 
generation and perturbed Reynolds heat flux are of the 
same order. 

(3) The intermediate layer is matched with the inner 
and outer layers leading to two overlap domains, Oi and 
O,, where slopes Ai and A,, of the - l/3 power law for 
temperature could possibly be different. From the 
available measurements it is not possible to ascertain 
whether Ai is different from A,. 

(4) Under the condition Ai = A, the lowest order 
results for temperature, Reynolds heat flux and heat 
transfer law are the same as given by the two-layer 
classical theory. Thus to the lowest order, the 
intermediate layer forms the matching domain between 
the inner and outer layers. There is no need to consider 
the intermediate layer separately and the two-layer 
classical theory should suffice. 

(5) To the next order, the intermediate layer is a 
distinguished limit and a three-layer picture is needed. 
The three-layer theory leads to prediction of maxima in 
Reynolds heat flux and in turbulent energy dissipation. 
To this order, the heat transfer law is independent of 
whether a three- or two-layer picture is considered. 

(6) Further, higher order terms in the asymptotic 
expansions in the three (inner, intermediate and outer) 
layers lead to a more general heat transfer law. The 
scatter in the available datais such that it is not possible 
to numerically determine this higher order effect and 
there is a need for better data. 
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CONVECTION NATURELLE TURBULENTE DANS UNE COUCHE FLUIDE 
HORIZONTALE AVEC SOURCES D’ENERGIE VOLUMIQUES : UNE COUCHE 

INTERMEDIAIRE 

R&u&--La convection naturelle turbulente avec sources thermiques dans une couche fluide limit&e par une 
plaque inf&ieure adiabatique et une plaque sup&ieure isotherme est ttudi&e. g de grandes valeurs du nombre 
de Rayleigh inteme. L’existence d’une couche intermaiaire est identifib dont l%chelle de longueur est Re- W’ 
(Reest un nombre de Reynolds bad sur la vitessecaract&istique exteme et lesbhelles de longueur) plut8t que 
Re-“’ comme propost par Long et Chen. Les maxima des flux thermiques de Reynolds et de dissipation 
turbulente d’Cnergie sont aasocits a la couche intermtiiaire. On montre qu’8 l’ordre infkrieur, la th&ie 

classique B deux couches peut suffire et qu’8 l’ordre suivant, il faut une couche intenntiiaire. 
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TURBULENTE FREIE KONVEKTION IN EINER HORIZONTALEN 
FLUSSIGKEITSSCHICHT MIT VOLUMETRISCHEN ENERGIEQUELLEN : EINE 

ZWISCHENSCHICHT 

Zusammenfassnng-Die turbulente, natilrliche Konvektion aufgrund von Warmequellen in einer 
horizontalen Flilssigkeitsschicht, die nach unten durch eine adiabate und nach oben durch eine isotherme 
Platte begrenzt ist, wurde bei grossen inneren Rayleigh-Zahlen untersucht. Die Existenz einer 
Zwischenschicht wurde festgestellt,deren LiingenmaBstabeher von Re -3/7(ReisteineReynolds-Zahl,diemit 
den iiusseren charakteristischen Geschwindigkeits- und LiingenmaBstiiben gebildet ist) als von Re-‘I2 wie 
von Long und Chen vorgeschlagen, abhilngt. Die Maxima des Reynoldschen Wiirmeflusses und der 
turbulenten Energie-Dissipation hftngen mit der Zwischenschicht zusammen. Die Zwischenschicht ist an die 
innere und die aussere Schicht angepasst. Es wird angezcigt, dass fib die niedrigste Ordnung die klassische 
Zwischenschichttheorie geniigen sollte und Wr die nachste Ordnung eine Zwischenschicht beniitigt wird. 

TYPEYJIEHTHAX ECTECTBEHHAS KOHBEKHMR B 1-OPH30HTAJIbHOM CJIOE 
XHJJKOCI-H C BHYTPEHHMMH HCfOY HHKAMM 3HEPl-HH. 

fIPOMETYTOYHbIH CJIOH 

Atmorann+-flpn 6onbmex 3na~eminx sriuia P3nen ma xcn~~ocrn npoaeneno uccnenoeaune 
HHAyUHpyeMOii TeIlJIOBbIM HCTO'fHHKOM Typ6yJleIiTHOii eCTeCTBeHHOii KOHBeKUHH B rOpN30HTltJlbHOM 

CnOe ~HIIKOCTH, OrpaHW'ieHHOM CHH3y aLVia6aTHveCKOii. a CBepXy H30TepMH'ieCKOfi IlJlaCTHHaMH. 

BbInBJIeHO CyWeCTBOBaHHe npOMenyTO'lHOr0 CJIOn, TOJllUHHa KOTOpOrO paBHa Re--"(f&-'IHCJIO 

Pei-iHOnbnC& IIOCTpOeHHOe C IIOMOUUdO BHeIIlHBX MpaKTepHbIX MaCUlTa6OB CKOpOCTA H PJlHHbI). 

a He Re-I”, KaK yTBepZKJ@loT nOHr H YeH. MaKCHMyMbI TenJTOBOrO nOTOKa, 3aBHCnlUerO OT 

YHCJla PeiiHOJlbflCa, H Typ6yfleHTHOfi AHCCHnaUHHH 3HeprHH paCIlOJlOXCeHb1 B 3TOM tIpOMeXCyTO'lHOM 

cnoe. npOMe;KyTOSHblfi cnoii cuanaeTcn c BH~T~~HHHM w nHetnHiih4 cnonMH. IloKa3aH0, 4To Qnn 

pacqera c roqnocrbro no 9netioa mi3tuero nopnnxa nocraroqno xnaccarecxofi nayx~noii~ofi 

TeopH8,a ,U.nUrn cnenywwero nopswra Tpe6yeTCR yrer npoh4exyTowioro cnon. 


